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Abstrat
We investigate the struture of the gravitational eld generated by
a massless partile moving on the horizon of an arbitrary (stationary)
blak hole. This is done by employing the generalized Kerr-Shild lass
where we take the null generators of the horizon as the geodeti null
vetor-eld and a salar funtion whih is onentrated on the horizon.
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Introduction
Although point-partiles play an important role in general relativity as test-
masses following geodesi trajetories, the gravitational eld generated by a
point-mass itself is a fairly non-trivial problem. The main diulty arises
from the inompatibility of (lassial) distribution theory with the non-linear
harater of the Einstein equations. Nevertheless Aihelburg and Sexl [1℄ su-
eeded in the onstrution of the gravitational eld of massless partile by
taking the ultrarelativisti limit of the Shwarzshild geometry. The resulting
spaetime is that of an impulsive gravitational wave where the eld is om-
pletely onentrated on the null hyperplane of the pulse. The AS-geometry
and its higher dimensional ousins have reently attrated attention as bak-
ground geometries in string theory. It also features prominently in 't Hooft's
work [2℄ on partile sattering at Plankian energies allowing for a losed ex-
pression of the sattering amplitude. Beause of the above-mentioned prop-
erties of the AS-geometry there has been quite an ative development in
possible generalizations. On the one hand one is looking for ultrarelativis-
ti limits of other blak hole geometries like Reissner-Nordström and Kerr
[3, 4, 5, 6℄. These investigation led in turn to a loser srutiny of the or-
responding parent geometries, speially the alulation of distributional
energy-momentum tensors [7, 8, 9℄. On the other hand the interpretation of
the AS-result as the gravitational eld of a lightlike partile in at spae led
to the question if there exists a generalization desribing the gravitational
eld of a massless partile in a urved spaetime. 't Hooft and Dray [10℄
sueeded in doing so by using Penroses ut and paste approah [11℄ applied
to the Shwarzshild geometry, more preisely to its horizon. The resulting
spaetime desribes a partile moving along the horizon and therefore nee-
sarily at the speed of light. Due to the singular nature of the spaetime at
the ut and paste surfae, their expession for the Rii tensor unfortunately
ontains squares of the delta-funtion. Following this proedure their work
was generalized by Sfetsos [12℄ to inlude osmologial onstants as well as
harge. However this generalization still ontained the awkward δ2 fators in
the expression for the Rii tensor.
The present paper tries to investigate this situation from the point of
view of the generalized Kerr-Shild lass of geometries
∗
. It is based on the
observation thet both the AS as well as the tHD geomtery may be interpreted
as generalized Kerr-Shild tranforms of their respetive parent geometries,
i.e. Minkowski and Shwarzshild. Taking into aount that the gravitational
∗
This approah was atually used by Alsonso and Zamorano [13℄ in the harged ase.
The author is grateful to W. Israel for bringing their work to his attention.
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ontribution of the partile is ompletely onentrated on a null-hypersurfae,
we investigate the general onditions for a hange in the energy-momnetum
tensor orresponding to a massless partile.
Our work is organized in the following manner: In setion one we briey
overview the generalized Kerr-Shild lass and state some of the main results
needed in the following. Setion two establishes some properties of null
Gaussian oordinates, whereas setion three deals with properties of the
dual null-ongruene. In setion ve we use these results to disuss the
restritions on the null-hypersurfae needed to desribe a massless partile
and derive the generalized 't Hooft-Dray equation for the redued prole.
Finally setion ve is devoted to show the bakward-ompatibility of our
results with [10℄ without enountering any undened δ2 expressions.
1) Generalized Kerr-Schild class
This setion is intended for a reader who might not be so familiar with
the generalized Kerr-Shild lass (GKS) and therefore reapitulates some
of its major properties. A GKS-geometry is haraterized by a metri-
deomposition
g˜ab = gab + fkakb ka := k
bgab and k
akbgab = 0,
together with the gab−geodetiity of k
a
, i.e. (k∇)ka = 0. As an immediate
onsequene of the deomposition and the lightlike harater of the vetor-
eld ka (with respet to gab as well as g˜ab) one nds
(k∇˜)ka = (k∇)ka,
where ∇a and ∇˜a denote the Levi-Civita onnetions of gab and g˜ab respe-
tively, whih automatially entails the g˜ab−geodetiity of k
a
as well. Another
remarkable property of the GKS lass of geometries is the f−linearity of the
mixed Rii-tensor
R˜a b = R
a
b − fk
akmR
m
b +
1
2
(∇m∇
a(fkmkb) +∇
m∇b(fk
akm)−∇
2(fkakb)),
or equivalently if one interhanges the ovariant derivatives in the expression
within parenthesis
R˜a b = R
a
b −
f
2
kakmR
m
b +
f
2
Ra mk
mkb + fR
am
nbkmk
n
1
2
(∇a((f(∇k) + (k∇)f)kb) +∇b((f(∇k) + (k∇)f)k
a)−∇2(fkakb)).
3
whih is partiularly useful if the prole f is distributional in nature [14, 8, 9℄.
Having in mind to apply this deomposition to our situation of a parti-
le moving along the horizon, it is natural to identify ka with the normal
of the horizon. This entails in partiular that ka is hyper-surfae orthogo-
nal, i.e. ∇akb = ∇bka. Taking a loser look at the last term involving the
gab−Laplaian one nds
∇2kb = ∇
c∇bkc = ∇b(∇k) +R
m
bkm,
∇cf∇
cka = ∇cf∇
akc = ∇a((k∇)f)− (k∇)∇af,
∇ckb∇
cka = ∇ckb∇
akc = −kc∇a∇ckb = −(k∇)∇
akb +R
am
nbkmk
n.
Putting everything together the mixed Rii nally beomes
R˜a b = R
a
b − fk
akmR
m
b + (1)
1
2
(∇a((f(∇k) + (k∇)f)kb) +∇b((f(∇k) + (k∇)f)k
a)−
∇a(f(∇k) + 2(k∇)f)kb −∇b(f(∇k) + 2(k∇)f)k
a +
2(k∇)∇afkb + 2(k∇)∇bfk
a + 2f(k∇)∇akb +
∇af(∇k)kb +∇bf(∇k)k
a −∇2fkakb).
Although this expression does not look to be muh of a gain, we will see in
the following that it atually is.
2) Null Gaussian coordinates
Sine we impliitly assumed that the horizon is a partiular folium in a
family of null hypersurfaes this setion will be onerned with the inverse
question, namely if any given null hypersurfae N may be embedded into a
family of null hypersurfaes Nt. Atually the question is quite analogous to
the onstrution of Gaussian normal oordinates. There one onsiders a given
spaelike hypersurfae Σ and onstruts a family of spaelike hypersurfaes
Σt suh that Σ = Σ0. Let us take a quik look at this onstrution. The
idea is to use the timelike unit-normal ua and extend it geodetially o the
surfae (i.e. onstrut the geodesis starting at Σ with ua as tangent vetor.)
This provides us with a timelike vetor eld, whose ow φt allows us to
transport Σ both into the future and the past, i.e. Σt = φt(Σ). Now it only
remains to show that the folii are orthogonal to ua and therefore spaelike
hypersurfaes. However sine any tangent Xa to Σ is Lie-transported along
ua one immediately nds for the hange of the inner produt uaX
a
ua(u∇)X
a = ua(X∇)u
a =
1
2
(X∇)u2 = 0, u2 = −1
4
whih ompletes the proof.
Unfortunately this onstrution fails in the null ase sine the normal ka
of a null hypersurfae N itself is tangent to N and therefore annot be used
to move o the surfae. However, this apparent drawbak has an important
onsequene, namely the well-known fat that N is ruled by null geodesis
generated by ka. Let us now onsider an arbitrary transversal two-surfae S
in N , that is a two-surfae whose tangent spae does nowhere ontain ka and
therefore must be ompletely spaelike. Transporting S along the ow of ka
we obtain a family of two-surfaes foliating N . Obviously those vetors X˜a
tangential to S remain tangential to S upon Lie-transport along ka, i.e.
ka(k∇)X˜
a = ka(X˜∇)k
a =
1
2
(X˜∇)k2 = 0.
This onstrution immediately provides us with an additional null vetor
eld k¯a on N dened via
k¯2 = 0, k¯aka = −1 and k¯
aX˜a = 0 ∀X˜
a
tangential to S
Extending k¯a geodetially o N and using its ow φt we may extend N
into a family of three-surfaes Nt := φt(N ). To show that these surfaes are
atually null let us onsider the hange of the inner produt of kaX˜
a
along
the ow, i.e.
(k¯∇)kaX˜
a + ka(k¯∇)X˜
a = (k∇)k¯aX˜
a + ka(X˜∇)k¯
a =
−k¯a((k∇)X˜
a + (X˜∇)ka) = 2(k∇)k¯aX˜a =
−2k¯a(k∇)X˜
a = −2k¯a(X˜∇)k
a = −2X˜c(k¯∇)kc = −2X˜
c(k∇)k¯c = 0,
where the penultimate equality made use of the fat that we may always
require ∇akb to be symmetri at N . This shows that we may always extend
a single null hypersurfae into a loal foliation of hypersurfaes of the same
type.
3) Null geodesic congruences
Sine the previous setion has established that a null hypersurfae N may be
(loally) embedded into into a family of null hypersurfaes, let us now briey
review the properties of the orresponding line ongruene, whih we will
onsider to be ane in addition to being geodeti, i.e. the generating vetor
eld ka obeys ∇akb = ∇bka . As usual a Jaobi eld η
a
along a generator of
the ongruene is a vetor eld that is Lie transported along the generator,
i.e.
(k∇)ηa = ηc∇ck
a.
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Completing ka to a double null frame (ka, k¯a, ma, m¯a) with kak¯a = −1,
mam¯a = 1, whih we parallel-propagate along the generator. Deomposi-
tion ηa and ∇akb with respet to this basis and taking into that abreastness
(kaη
a = 0) is preserved gives
ηa = λka + ζma + ζ¯m¯a,
∇akb = µkakb + ρm(am¯b) + αk(amb) + α¯k(am¯b) +
+σmamb + σ¯m¯am¯b.
Fousing on the ζ equations we obtain
(k∇)ζ =
ρ
2
ζ + σζ¯,
(k∇)ρ+
ρ2
2
+ 2σσ¯ +Rabk
akb = 0,
(k∇)σ + ρσ +Rabcd(k
am¯b)(kcm¯d) = 0,
These are the well-known Sahs equations. Sine the null-hypersurfaes
we are aiming at are horizons of stationary blak holes we may assume
that the onvergene ρ vanishes. However, the rst Sahs equation imme-
diately implies (by invoking the weak energy-ondition) that Rabk
akb and
the shear σ must vanish too, whih in turn requires Rabcd(k
am¯b)(kcm¯d) =
Cabcd(k
am¯b)(kcm¯d) = 0 telling us that ka is a prinipal null-diretion of the
Weyl-tensor at N . Let us now use this results and onsider non-abreast
Jaobi-elds, i.e.
ηa = λka + ζma + ζ¯m¯a + ωk¯a,
∇akb = µkakb + αk(amb) + α¯k(am¯b)
whih gives the propagation equation
(k∇)λ =
α¯
2
ζ +
α
2
ζ¯ − µω, (k∇)ζ = −
α
2
ω, (k∇)ω = 0,
and via geodeti deviation the hange in the propagation oeients
(k∇)µ+
αα¯
2
+Rabcdk
ak¯bkck¯d = 0,
(k∇)
α
2
+Rabcdk¯
akbkcm¯d = 0. (2)
Splitting the Riemann tensor into its Weyl and Rii parts
Rab bc = C
ab
cd + 2δ
[a
[cR
b]
d] −
1
6
δabcdR
6
(2) beomes
(k∇)
α
2
+ Cabcdk¯
akbkcm¯d +
1
2
Rabk
am¯b = 0,
(k∇)µ+
αα¯
2
+ Cabcdk
ak¯bkck¯d +Rabk
ak¯b +
1
6
R = 0.
4) Impulsive waves on the horizon
With all the neessary tools assembled let us now return to the main issue
of this work  impulsive gravitational waves onentrated on the horizon of
stationary blak holes. In setion two we onsidered the Rii tensor of a
GKS metri under the assumption that the null vetor eld ka is loally a
gradient. Taking into aount the results of the previous setion we may
take the null generators of the horizon H of a blak hole to provide this
vetor eld. Sine we are onerned with the stationary situation the horizon
area an not inrease, therefore we have ∇k = 0 at H . Moreover we will
assume that the prole f is onentrated on H and remains onstant along
the generators, i.e.(k∇)f = 0. This immediately eliminates the rst four
terms in the parenthesis of (2). Let us now onsider those terms in the
expression for the full Rii R˜a b proportional to (k∇)∇bk
a
and Ra bk
b
. In
order to desribe a null partile they have to be proportional to the tensor
square of ka and their oeients have to be annihilated by (k∇). Taking
into aount Rabk
akb = 0 it follows that
Ra bk
b = µrk
a + αrk(amb) + α¯rk(am¯b)
and the rst requirement beomes αr = 0 or equivalently Rabk
am¯b = 0. The
rst ondition on the gradient of ka entails (k∇)α = 0, whih together with
Rii-ondition requires Cabcdk¯
akbkcm¯d = 0. Sine Cabcdm¯
akbkcm¯d = 0 we
have
Cabcdk
bkc = µwkakd + αwk(amb) + α¯wk(am¯b).
The onstany of α now requires αw = 0 telling us that k
a
has to be a double-
null diretion of the Weyl-tensor, i.e. Cabcdk
bkc = µwkakd or equivalently
k[pCa]bcdk
bkc = 0. The seond ondition requires (k∇)2µ − (k∇)µr = 0,
whih is equivalent to (k∇)µw −
1
6
(k∇)R = 0.
All the terms disussed so far are independent of the prole f = f˜ δ. Let
us now take a loser look at those remaining dependent on f beginning with
the its gradient
(k∇)∇af = (k∇)(−f˜(k¯∇)δka +∇af˜ δ) = (k∇)∇af˜δ.
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Sine we assume that ∇af˜ is a funtion that is purely spatial we have
(k∇)∇af˜ = −kak¯
ckd∇c∇df˜ +mam¯
ckd∇c∇df˜ + m¯am
ckd∇c∇df˜ =
= kak¯
c∇ck
d∇df˜ −mam¯
c∇ck
d∇df˜ − m¯am
c∇ck
d∇df˜ =
= −ka(
α
2
(m∇)f˜ +
α¯
2
(m¯∇)f˜).
The Laplaian of f may be deomposed similarly
∇2f = ∇a(−f˜(k¯∇)δka +∇af˜ δ) = ∇
2f˜δ − f˜(∇k)(k¯∇)δ.
Fousing on the rst term it is onvenient to onsider the two-dimensional
Laplaian
D2f˜ = σabDaDbf˜ = σ
ab∇aDbf˜ = σ
ab∇a(σ
c
b∇cf˜) =
= σab∇a∇bf˜ + σ
ab∇a(kb(k¯∇)f˜) = ∇
2f˜ + 2kak¯b∇b∇af˜ =
= ∇2f˜ − 2k¯b∇bk
a∇af˜ = ∇
2f˜ + (α(m∇)f˜ + α¯(m¯∇)f˜),
whih nally gives
∇2f˜ = D2f˜ − (α(m∇)f˜ + α¯(m¯∇)f˜).
Putting everything together the full Rii-tensor beomes
R˜a b = R
a
b − δ k
akb
(
1
2
D2f˜ +
1
2
(α(m∇) + α¯(m¯∇))f˜+
(
αα¯
2
− µw +
1
6
R +
1
2
(k¯∇)(∇k))f˜
)
(3)
where the onentrated part of the full Rii is purely two-dimensional, i.e.
all oeients of the dierential operator are annihilated by (k∇) if we take
into aount that (k¯∇)(∇k) is annihilated by (k∇) on N . This an be seen
from
(k∇)
(
(k¯∇)(∇k)
)
= kck¯d∇c∇d(∇k) = −k¯
d∇dk
c∇c(∇k),
where the last expression is zero sine, due to vanishing of ∇k at N , ∇c(∇k)
has to be proportional to kc at N .
5) tHD and AS geometry
This setion is devoted to a short omparison with the results obtained by
't Hooft and Dray for a partile moving on the horizon of a Shwarzshild
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blak-hole. Let us begin with the bakground geometry in Kruskal oordi-
nates
ds2 = −2A(u, v)dudv + g2(u, v)dΩ2
A(u, v) =
m
r
e−r/2m, g(u, v) = r(uv),
er/2m(
r
2m
− 1) = −
uv
16m2
.
Using an adapted tetrad
eu = du ωv v = −
A˙
A
du,
ev = Adv ωi u = g˙e˜
i, ωi v =
g′
A
e˜i
ei = ge˜i ωi j = ω˜
i
j ,
where dot denotes the derivative with respet to u and prime the derivative
with respet to v, the Riemann tensor at the horizon u = 0 beomes
Ruv =
1
A
(
A˙
A
)
′
eu ∧ ev =
1
4m2
eu ∧ ev
Rui = (
1
g
(
g′
A
).
+
A˙g′
gA2
)eu ∧ ei +
1
gA
(
g′
A
)
′
ev ∧ ei = −
1
8m2
eu ∧ ei
Rvi =
1
g
(
g¨ −
g˙A˙
A
)
eu ∧ ei −
g˙′
gA
ev ∧ ei = −
1
8m2
ev ∧ ei
Rij =
1
g2
(
1 +
2g˙g′
A
)
ei ∧ ej =
1
4m2
ei ∧ ej.
From this expression it is to read o µw = 1/4m
2. Sine the generators of
the horizon oinide with −du, we have ka = (1/A)∂av = E
a
v . Its divergene
beomes
∇ak
a = ωa va =
2g′
gA
= −
u
2mr
and therefore (k¯∇)(∇k) =
(
2g′
gA
).
= −
1
4m2
,
where the onjugate null-diretion k¯a = Eau = ∂
a
u is uniquely dened due to
spherial symmetry. Putting everything together one nds
−
1
8m2
(∆S2 − 1)f˜(θ, φ) = 8pipδ
(2)
N ,
whih is preisely the 't Hooft-Dray equation for the redued prole without
enountering any undened δ2 expressions. Let us nally note in passing
9
that the results for the AS-geometry are trivially reprodued in the proposed
framework. Sine the bakground geometry is at spae and the null hyper-
surfae is taken to be a null hyperplane (3) beomes the well-known equation
for the AS-prole, i.e.
−
1
2
∆R2 f˜ = 8pipδ
(2)(x).
Conclusion
In the present work we onsidered geometries belonging to the generalized
Kerr-Shild lass in order to desribe the hange in the gravitational eld gen-
erated by a partile moving on the horizon of a stationary blak hole. Sine
the horizon is a null hypersurfae one an more generally ask the question
what kind of restritions suh a loalized hange in the gravitational eld
imposes on the bakground geometry of the Kerr-Shild deomposition. As
might have been expeted those restritions manifest themself in restritions
on the null-ongruene whih forms the horizon and in partiular requires
the geometry to be algebraially speial along the null surfae in both its
Weyl and Rii tensors. Under these onditions we were able to derive the
generalized 't Hooft equation for the redued prole funtion f˜ . Sine our
formalism is general, i.e. does not rely on spherial symmetry in partiular,
it would interesting to apply it to a rotating, i.e. Kerr blak hole. Work in
this diretion is urrently in progress.
Aknowledgment: The author would like to thank to Werner Israel for
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hild 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